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I. INTRODUCTION
Existence of multiple attractors in a dynamical system is significant in suggesting the possibility of multiple operating conditions for the physical system under consideration [1] . Typically stable equilibrium points are the nominal operating conditions in engineering systems such as the electric power system. This paper establishes an unusually rich global dynamical phenomenon the coexistence of four different attractors in a fundamental power system model.
The nature of the four attractors is diverse consisting of a stable equilibrium, a stable limit cycle and two strange attractors. The structure and the stability of the four attractors are analyzed in the paper by computing Lyapunov exponents of the attractors [1] , [2] . The coexistence of a stable equilibrium with the stable limit cycle and the chaotic attractors suggests the possibility that a power system transient could get trapped into any of a) normal equilibrium condition, b) sustained oscillations, or c) chaos, purely depending on the post-disturbance initial condition for the transient.
Note that continued operation at any of the four attractors is practically feasible since persistent oscillations on nonequilibrium type attractors would be treated as transient conditions by power system protective relay devices [3] . Protective devices in the real system are typically designed not to interfere with transient conditions. Therefore, generally the relays will not participate to break up sustained oscillatory events such as those on the stable limit cycle and chaotic attractors of this paper. However, continued operation over a period of time, even several minutes, at stable limit cycle or on a chaotic attractor could lead to severe damage to expensive equipment such as rotor shafts. Therefore, it is important to recognize when such sustained oscillations may occur on the real system, and how the oscillations evolve under variation of operating parameters such as the generator active power output. Chaotic attractors are especially troublesome for operation since chaotic oscillations by definition have a wide frequency spectrum, and can induce potentially harmful harmonic transients in synchronous machines. On the theoretical side, existence of four dissimilar attractors in a dynamical system is interesting in itself. In this case, the phenomenon is more significant since the four attractors could emerge as four different sustained operating conditions for the power system under study. Specifically, we show that chaotic attractors and stable equilibrium can coexist in the global dynamics of a power system model over large parametric domains.
Chaos in power system models have been studied in several recent papers related to angle dynamics [4] - [6] , and related to a specific load model [7] - [9] . Occurrence of complicated global phenomena such as quasiperiodic motions and chaotic motions in the power system model of this paper was first identified in [10] , [11] . This paper for the first time identifies the existence of chaos as alternate operating conditions of a power system even when there exists a viable stable equilibrium point for the same parameter values. The study shows that hard limit induced stable limit cycles and hard limit induced chaotic attractors can exist in a power system model mainly resulting from global dynamic phenomena, and the mechanism of hard limit induced chaos is somewhat unrelated to the existence of a stable equilibrium point in the model. Further research is indicated for an understanding of the hard limit related global phenomena in general nonlinear models.
The power system model is introduced in Section II. The presence of multiple attractors in the model is analyzed in Section III. The evolution of the attractors is studied in Section IV.
II. A FUNDAMENTAL POWER SYSTEM MODEL
Our objective is to study the global dynamics of the classical singlemachine infinite bus power system (see [10, Fig. 1]) . A representative dynamic model for the system can be stated as follows [11] :
where the power generated P G and the bus voltage V can be 
and E fd is the output of the wind-up limiter
if E fd VR E fd E fd ; if VR < E fd .
All the notations in the model are conventional. In the model 6, (1) and (2) are the swing equations; the single axis flux decay equation (3) models the electromagnetics by assuming that the damper windings are not present; and (4) is a simple single time-constant representation of the excitation field control. In (4), the saturation effects of the excitation control are modeled by the wind-up type hard-limit (7) on the signal VR which limits the control output E fd between the values E fd and E fd . The local dynamic properties of the model (1)- (7) have been analyzed in detail in the past. In this paper, our focus is on the global dynamic properties of the power system model (1)- (7) specifically on different operating conditions that can emerge after large disturbances. In [11] , we demonstrated the occurrence of hard-limit (7) induced chaos in a similar power system model.
In this paper, we study the attractors of the system 6 for the following set of parameters and all the values as chosen are seen to be practical. 
We establish an exotic global dynamic structure for the dynamics (1)- (7) for the parameters as stated. Fig. 1 ), respectively. The time-plots of the state variable E 0 shown in Fig. 2 demonstrate the varied nature of the trajectories within the four attractors. It can be shown that the regions of attractions of the four attractors shown in Fig. 1 are separated by stable manifolds of certain unstable periodic orbits. These technical details are not discussed here because of space limitations. However, it is clear that the problem of determining the fate of a trajectory for a specified initial condition (such as in power system transient stability studies) is very complicated for our system owing to the existence of four different regions of attractions in the state space.
We will discuss the stability properties of the attractors briefly.
Let us denote the state variables together by x = (; !; E 0 ; VR) T .
There exists a nominal equilibrium (attractor I) at x s = (1:0505; 1:0000; 1:0594; 1:5092) T (asterisk in Fig. 1) . The eigenvalues at xs are 00.557 6 j3.752 and 00.003 6 j5.710 and hence the equilibrium xs is seen to be (barely) locally stable. Since there exists a poorly damped pair of eigenvalues 00.003 6 j5.710 at the equilibrium x s , locally the trajectories would take a long time to settle down to x s . The stability of attractor II the limit cycle s (solid locus in Fig.   1 ) can be proved numerically by computing its Lyapunov exponents [1] . By applying the algorithm in [2] , the Lyapunov exponents for s are computed to be 0, 00.0425, 00.7828, and 00.7901. Since there exists one zero exponent with the rest of the exponents being negative, we conclude that s is indeed a stable limit cycle. The state variables (once attracted to s ) will display sustained oscillations as shown by the time-plot in Fig. 2(b) .
Next when we consider attractor III that is 0 1 s (inner dotted locus in . Again, protective devices may not interfere during the motion on the chaotic attractor since protective devices typically will not participate during oscillatory conditions of the system variables. However, sustained chaotic oscillations of the system could lead to permanent equipment damage. Hence the mechanisms of chaos in power system models needs to be well understood. We briefly study the evolution of the four attractors under the variation of the power generation parameter PT in the next section. Similarly, we can calculate the Lyapunov exponents for attractor 
IV. EVOLUTION OF THE FOUR ATTRACTORS
In Section IV, we have shown the existence of attractors I-IV at the power loading value PT = 0:97. In this section, we study in a little more detail when these attractors emerge, and how they evolve as the parameter P T is varied. With the parameters as in (8) , the principal dynamic properties of the attractors for 6 are summarized in Fig. 4 . The results stated in Fig. 4 can be verified by standard analytical tools such as the Lyapunov exponent calculations along the various attractors and these details are left out because of space limitations.
Attractor I in Fig. 4 is the nominal stable equilibrium xs which remains locally stable up to the subcritical Hopf bifurcation point P T = 0:9775. Trajectories diverging away from the unstable equilibrium for PT = 0:9775+ are captured by attractor II. Attractor II is the stable limit cycle s which is born at a cyclic fold bifurcation at P T = 0:966 and it disappears at a reverse cyclic fold bifurcation at PT = 1:027. For PT = 1:027+, the region of attraction of attractor II gets absorbed by attractor III. Attractor III emerges as a stable limit cycle at P T = 0:655 through a cyclic fold bifurcation, and undergoes a period doubling cascade culminating in the birth of chaos at about P T = 0:88. Attractor III is chaotic for 0:88 < P T < 1:181, and the evolution of attractor III over this rather large chaotic parameter domain is very complex. Eventually the strange attractor III loses its attractivity through a complicated boundary crisis mechanism [1] , [9] .
Attractor IV appears as a stable limit cycle at P T = 0:759 at a cyclic fold bifurcation, and becomes chaotic near PT = 0:95 through the period doubling cascade route. At P T = 1:035, the chaotic attractor IV undergoes a boundary crisis by colliding with an unstable periodic orbit and the trajectories which originally belonged to the region of attraction of attractor IV display transient chaotic signatures before converging to strange attractor III for PT = 1:035+. There exists no attractor for P T > 1:181. An additional illustration is provided in Fig. 5 where the coexistence of three attractors a stable equilibrium (attractor I), a strange attractor (attractor III) and a stable limit cycle (attractor IV) at P T = 0:9 is demonstrated.
We observe from Fig. 4 that chaos (strange attractor III) and stable equilibrium (attractor I) coexist over a large range of power loading values 0:88 < P T < 0:9775, and this exotic global phenomenon has significant implications for power system operation. As observed earlier, for these parameter values 0:88 < PT < 0:9755, system transient could get trapped into sustained chaotic behavior following large disturbances even though there exists an acceptable stable equilibrium point for the same parameter values in the model.
V. CONCLUSIONS
Observations in this paper indicate that global dynamical properties of general power system models can be very complicated and careful investigation would be necessary in analyzing the structure of transient stability properties and possible sustained operating conditions. Methods for detecting the occurrence of chaos in large scale power system models need to be developed. The dynamics of the model 6 in itself is extremely rich. The brief analysis of various attractors in this paper is aimed at providing insight into the complexity of global dynamics of the simple power system model from the effects of hard limits. It is hoped that future research would lead to a structured stability theory for the analysis of hard limit related global dynamic phenomena. Recent paper [12] has also demonstrated the existence of chaos in a detailed large scale power system model. Analysis of chaos in large scale power system models promises to be an exciting and challenging research area.
